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ABSTRACT 

Considered  is  the  pure  initial  value  problem  for  the  system  of  equations 

ut  *  u^  +  f(u)  -  w,  wfc  -  e(u-yw),  the  initial  data  being  (u(x,0),w(x,0))  =* 

(<Mx),0).  Here  e,  Y  are  positive  constants,  and  f(u)  “  -u+H(u-a)  where 

H  is  the  Heaviside  step  function  and  a  €  (0,1/2).  Ibis  system  is  of  the 

FitzHugh-Nagumo  type  and  models  the  conduction  of  electrical  impulses  in  a 

nerve  axon.  In  an  earlier  paper  the  author  considered  the  curve  s(t)  “ 

sup{x:u(x,t)  *  a},  and  showed  that  if  $(x)  >  a  on  a  sufficiently  long 

interval  and  decays  sufficiently  fas*,  to  zero  as  |x|  <■>,  then 

lim  s(t)  *  In  this  paper  a  more  detailed  description  of  the  asymptotic 
t+» 

behavior  of  s(t)  is  given.  The  results  demonstrate  that  when  e  is 
small,  s(t)  eventually  propagates  at  a  rate  close  to  the  speed  of  the  unique 
traveling  wave  solution,  U(z),  for  e  *  0,  w(x,t)  =  0  which  satisfies 
U(-«)  *  1,  U(+-)  *  0. 
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SIGNIFICANCE  AND  EXPLANATION 


A  model  for  the  conduction  of  electrical  Impulses  In  a  nerve  axon  Is 
considered.  In  an  earlier  paper  the  author  demonstrated  that  the  model 
exhibits  a  threshold  phenomenon.  This  corresponds  to  the  biological  fact  that 
a  minimum  stimulus  Is  required  to  trigger  a  nerve  impulse.  In  this  paper  a 
more  detailed  description  of  the  asymptotic  behavior  of  the  solution  of  the 
equations  Is  given.  It  is  proven  that,  in  some  sense,  the  solution  eventually 
propagates  with  constant  velocity. 

(X 


The  responsibility  for  the  wording  and  views  expressed  In  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


A  FREE  BOUNDARY  ARISING  FROM  McKEAN'S  MODEL 
FOR  NERVE  CONDUCTION 

David  Terman 

Saetion  1.  Introduction 

In  this  papat  wo  conaidar  tha  initial  value  problem  for  the  system: 

“  u  +  f(u)  -  w 
t  x* 

\  “  e (u-yw)  , 

tha  initial  conditions  bain?  u(x,0)  -  uQ(x),  w(x,0)  *  0.  It  ia  assumed  that  e  and  Y 
are  positive  constants  and  f(u)  ■  -u+fl (u-a) .  Here  H  ia  the  Heaviside  step  function 
and  a  e  (0,1/2).  This  system,  with  f(u>  replaced  by  fj(u)  “  u(1-u)(u-a),  was 
introduced  by  FittHugh  (9]  and  Nagumo,  Arise  to  and  Yoahisawa  (14)  as  a  model  for  the 
condution  of  electrical  impulses  in  a  nerve  axon.  The  model  we  consider  was  suggested  by 
McKean  (12) . 

In  [18]  it  was  demonstrated  that  (1.1>  exhibits  a  threshold  phenomenon.  That  is,  if 

u0(x),  which  corresponds  to  the  initial  stimulus,  is  sufficiently  small,  then 

lim  lu(*,t)l  ♦  lw(*,t)l  “  0.  In  this  case  the  initial  data  is  said  to  be  subthreshold. 
t*»  L  L 

If  Ug(x)  is  sufficiently  large,  or  superthreshold,  then  one  expects  some  sort  of  signal 
to  propagate.  This  was  shown  to  be  the  case  for  e  sufficiently  small.  More  precisely, 
assisM  that  u0(x)  satisfies  the  conditions: 

(a)  Ug(*)  *  C2(«)  , 

(b)  ug(x)  e  (0,1)  in  *  , 

(C)  Uq( x)  -  u0(-x>  . 

(1.2)  (d)  there  exists  a  unique  constant  Xg  >  0  such  that  Ug(xQ)  *  a  , 

(e)  uQ(x)  >  a  for  I x |  <  xQ  , 

(/2/2)(x.-x) 

<f)  lu0(x)|  <  as  for  fx|  >  Xg  . 


based  upon  work  supported  by  the  National  Science  Foundation  under  Grant  No.  MC8-7927062, 
Mod.  2. 


Let  »(t)  be  defined  as  a(t)  “  sup{t  i  u(x,t)  ■  a).  Ha  define  uQ(x)  to  ba  superthres- 

hold  if  lia  a(t)  “  ".  The  uln  result  in  MS}  is  than 
t*« 

ghaoraa  la  Choose  a  e  (0,1/2)  and  y  >  0,  Then  there  exist  positive  constants  eQ  and 
0  such  that  if  e  8  (0,e0>  and  uQ(x)  satisfies  (1.2)  with  >8,  then  uQ(x)  is 
superthreshold . 

In  this  paper  we  give  a  more  detailed  description  of  the  asymptotic  behavior  of 

e(t).  Before  stating  these  results  we  point  out  that  one  expects  that  if  the  initial  data 

is  superthreshold,  then  the  solution  of  (1.1)  should  asymptotically  approach  a  traveling 

wave  solution.  By  a  traveling  wave  solution  we  mean  a  solution  of  the  form  (u(x,t), 

w{ x, t ) )  *  (U(z),w(z)),  z  *  x  +  6t.  These  correspond  to  solutions  which  propagate  with 

constant  shape  and  velocity.  The  existence  of  traveling  wave  solutions  for  the  FitzHugh- 

Haguao  system,  with  f ^ ( v) ,  was  given  by  Carpenter  [2],  Conley  (3],  and  Hastings  MO]. 

Rinzel  and  Keller  (16]  considered  the  McKean  model  with  y  m  0.  Similar  results  for  the 

McKean  model  with  y  >  0  have  been  obtained  by  Rinzel  and  Terman  [17]. 

There  may  exist  at  least  two  traveling  waves  of  a  particular  type  (pulses,  fronts, 

periodic  waves,  etc.).  Jones  Ml]  considered  pulse  shaped  solutions  of  the  FitzHugh-Nagumo 

model  and  showed  that  the  fastest  wave  is  asymptotically  stable.  This  means  that  if  the 

initial  data  is  sufficiently  close  to  the  traveling  wave,  then  the  solution  asymptotically 

approaches  some  translate  of  the  wave.  Stability  of  waves  for  McKean's  model  was  proven  by 

Faroe  [81.  Both  Jones  and  Feroe  used  techniques  developed  by  Evans  [4]  -  [7],  One 

expects,  however,  more  to  be  true.  Numerical  calculations  (see  [17])  indicate  that  any 

superthreshold  Initial  data  should  give  rise  to  a  solution  which  asymptotically  approaches 

a  translate  of  a  traveling  wave  solution.  In  terms  of  the  curve  s(t),  this  means  that 

there  should  exist  a  constant,  0£ ,  such  that  if  c  is  sufficiently  small  and  the  initial 

data  is  superthreshold,  then  lim  ( s ( t ) —8  t)  exists. 

t+« 

If  e  »  0  and  w(x,t)  =  0,  then  (1.1)  reduces  to  the  scalar  equation: 

(1.3)  ut  «  uxx  ♦  f(u>  . 


-2- 


This  equation  possesses  a  unique  traveling  wave  which  satisfies  0(-*»)  “  1,  U(+»)  »  0.  In 

-1/2 

fact,  if  8*  is  the  speed  of  this  wave,  then  8*  _  (1-2a) [a[1-a>]  (see  Rinsel  and 

Keller  [16]).  The  result  of  Jones  and  numerical  calculations  lead  one  to  expect  that 

lin  8  »  8*.  In  this  paper  we  show  that  if  c  la  sufficiently  small,  then  s(t) 

e*0  e 

asymptotically  propagates  with  speed  close  to  8*.  This  is  made  precise  in  the  following 
theorem.  In  the  theorem,  as  in  the  rest  of  the  paper,  we  assume  that  a  and  y  are  fixed 
constants  and  uQ(x)  satisfies  (1.2)  with  Xg  >  6. 

Theorem  2:  Given  6  >  0,  there  exists  a  constant,  e(4),  such  that  if  0  <  c  <  e(4), 

then  for  any  T  >  0  there  exists  a  tg  >  T  such  that 

(8*-4 ) (t-tg )  +  s(tg)  -  6  <  s(t)  <  (8*+4)(t-tg)  +  « 

for  all  t  >  tg. 

The  theorem  is  proved  using  ths  fact  that  s(t)  must  satisfy  an  integral  equation. 
This  equation  Is  presented  in  the  next  section  where  preliminary  results  are  also  proved. 

In  section  3  we  describe  how  to  choose  e(4).  The  proof  of  Theorem  2  is  given  in  section 

4. 

Throughout  this  paper  we  assume  that  there  exists  a  unique  solution  of  (1.1).  We  also 

assume  that  there  exist  constants  V  and  W  such  that  |u(x,t)l  <  0  and  |w(x,t)l  <  W 

in  ■  x  ■  .  The  question  of  uniqueness  is  apparently  quite  hard  and  to  the  author's 

knowledge  has  not  been  solved.  Some  discussion  of  these  questions  is  presented  in  [18]. 

We  conclude  the  Introduction  by  pointing  out  that  in  [19],  the  author  considered  the 

scalar  equation  (1.3)  and  showed  that  in  the  superthreshold  case  lim  (s(t)~8*t)  exists. 

t*<» 

A  rather  complete  description  of  the  asymptotic  bshavlor  of  solutions  of  the  scalar 
equation  has  been  given  by  McKean  [13].  McKean's  results  also  hold  for  (1.1)  with  e  <  0. 
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Section  2 .  Preliminary  Results 


He  first  introduce  scow  notation.  Let 


(2.1) 


-t  2,a 

Ktx  t)  ■  — 

'  ’  2w1/2t1/2 


ii  -  i  -  t 
Tt  *xx  T 


That  Is,  K(x,t)  is  the  fundamental  solution  of  the  equation 

(2.2) 

It  will  be  convenient  to  define  s(t)  for  t  <  0.  He  assume  that  s(t)  “  s ( 0 ) 
t  <  0.  Let 

-  W  K(x-e,t)u0(e>dc  , 

*(x,t)  »  /^T)  K(x-?  ,t-T)dCdT  , 

?<X,t)  -  /g  K(x-C, t-T)w<e,T)dCdT  , 

G  -  { (x,t)  s  u(x,t)  >  a}  , 

H  »  { ( x, t )  s  u(x,t)  »  a)  . 

Let  X(x,t)  be  the  indicator  function  of  the  set  G.  Then  for  (x,t)  ^  H,  (u,w) 
satisfies  the  system 


(2.3) 


ufc  “  u^x  -  a  *  X  (x,t)  -  w 


wt  •  e  (u-Trw) 


If  (x,t)  4  H<  then  (u,w)  can  be  written  implicitly  as 

u(x,t)  ■  4(x,t)  ♦  /*  f  ^  K< x~?  , t-x )X  ( 5 , i ) d£ dr  -  f(x,t) 


(2.4) 


w(x,t)  "  te  E1ft  /g  eEYT1u(x,n)dri  . 


Letting  x  «  s(t)  in  (2.4)  we  obtain 
(a) 


(2.5) 


He  now  set 


(b) 


a  -  *<s(t),t>  •»  /*  R(s(t)-C,t-T)X(e,T)dEdT  -  r(s(t),t> 
w(s(t),t)  -  ee"t',t  Jg  eE1f,1u(s(t) ,n)dn 


for 
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-  *<a(t>,t) 

ret)  -  ) 

*<t)  -  i(»(t ) ,t) 

R(t)  -  ♦(a)(t)  -  fg  JZ.  K(*(t)-C.t-T)X(5,T)<JCdT  . 

Than  (2.S)  becomes 

(a)  »(«) (t)  -  a  +  r (t)  -  *(t)  +  R(t) 

(2.6) 

(b)  w(s(t),t)  «  ee  ET  J0  ee^r'u(a(t)  fn)dn  • 

Ha  now  prasant  the  important  propartiea  of  the  various  terms  appearing  in  (2.6), 
beginning  with  ♦( t).  Note  that  Q(x,t)  is  the  solution  of  the  scalar  equation  (2.2)  with 

initial  condition  t(x,0)  *  uQ(x).  A  simple  application  of  the  usual  comparison  theorem 

*  — £ 

for  scalar,  parabolic  equations  (see  [1],  Theorem  2.1)  implies  that  |t|i(x,t)|  <  e  for 
all  (x,t).  Hence 

(2.7)  0  <  4i(t>  <  e_t 

for  all  t  e  r+. 

To  estimate  R(t)  we  use  the  following  result  which  is  proved  in  [18] . 

Proposition  2.1;  Fix  a  and  r.  and  let  eQ  and  8  be  as  in  Theorem  1.  Assume  that 

0  <  c  <  e0  *nd  u0(x>  »atisXl«*  (1-2)  with  x0  >  8.  Then,  there  exists  a  positive 

constant  X  (»A(e))  such  that  u(x,t)  >  a  for  s(t)  -  X  <  x  <  s(t),  t  >  0.  Furthermore, 

lim  A(e)  -  +». 

E*0 

This  result  implies  that 

R(t)  <  JZ.  /!i0)  K(s(t)-5,t-T)d5dr  ♦  /^t,_X(E)K(s(t)-e,t-T)dedr 

=  R^t)  +  R2(t)  . 

Now, 

R1(t)  <  fZ,  fZm  K(s(t)-e,t-T)d5dT  -  (Z,  e"(t”T,dT  -  e_t  . 
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Sine*  lia  Me)  •  a  straightforward  calculation  shows  that 
e*0 

R2(t)  <  g(e ) 

for  scan  function,  9(e),  which  satisfies  lia  9(e)  -  0. 

e*0 

Thsrsfors , 

(2.8)  R (t)  <  9<e)  *  a-t  • 

We  now  discuss  soae  properties  of  8.  Choose  T  >  0,  and  let  a(t)  and  (Kt)  be 
continuous  functions  which  satisfy  alt)  <  8(t)  for  t  <  T  and  a(T)  -  B(T).  Ttam  the 
definition  of  8,  it  is  clsar  that  8(a)(7)  <  «(B)(T).  Now  let  8  and  K  be  constants 
and  Ktl  »  8t  +  K.  We  claia  that  8(i)(t)  is  independent  of  both  K  and  t.  this  is 
because, 

8uxt)  -  /^+Kx(8t+K-e,t-t)dedr  , 

and,  lettin9  s  “  T-t,  *  ■  5  -  (8t+K)  we  find  that 

8 (i ) (t)  -  K(-t,-s)dsds  , 

which  only  depends  on  6.  Let 

(2.9)  h(8 )  -  K(-s,-s)dsds  . 

It  is  not  hard  to  see  that  h(0)  -  1/2,  h' (8)  <  0  for  all  8,  and  lia  h(8)  »  0.  Hence, 

9-h# 

there  exists  a  unique  constant  8*  such  that  h(6*)  »  a.  Am  discussed  in  (19),  8*  is, 

as  in  section  1,  the  speed  of  the  unique  traveling  wave  solution  of  (1.3)  which  satisfies 
U(-«)  ■  1  and  TJ(+«)  -  0. 

Before  discussinq  C(t)  we  mist  discuss  ways  of  finding  a-priori  bounds  on 
|u(x,t)|  and  |w(x,t)|.  The  aain  tool  in  obtaining  these  bounds  is  the  next  proposition 
and  its  corollaries,  for  the  stateswnt  of  these  results  it  is  convenient  to  define  the 

F(u,w)  *  a  -  u  +u«-w 
t  xx 

G(u,w)  ■  w^  -  t(u-Yw) 
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operatorss 


lf«  fix  constant*  c,  K,  and  T  with  e  and  T  positive.  Let  t(t)  •  ct  ♦  f  and  Q  » 
{(x,t)  :  x  >  t(t>,  0  <  t  <  T}.  He  aaauae  that  (u,v>  is  only  defined  in  Q,  and 
satisfies  (1.1)  along  with  the  initial-boundary  conditions  (u(x,0 ),w(x,0 ) )  •  (uQ<x) ,wQ(x) ) 
for  x  >  K,  and  u(f(t)/t)  -  o(t)  for  t  e  [0,Ti.  It  is  assumed  that  a(t),  uQ(x), 
and  wQ(x)  are  continuously  differentiable.  Assume  that  there  exist  functions  u(x,t), 
u(x,t),  w(x,t)  and  w(x,t)  defined  in  0  which  satisfy 

(a)  (u,w)  <  (u,w)  in  Si  , 

(b)  u,  u(  w,  and  w  along  with  their  first  derivatives  with 
respect  to  t  and  second  derivatives  with  respect  to  x  are 

(2.10) 

continuous  functions  in  (1  , 

(c)  (u(x,0) ,w(x,0) )  <  (uQ(x) ,wQ(x) )  <  (u(x,0) ,w(x,0) )  for  x  >  K  , 

(d)  uU(t).t)  <  a(t>  <  u(i(t),t)  for  t  8  [0,t]  . 

Here  (a,b)  <  (c,d)  means  that  a  <  c  and  b  <  d. 


Proposition  2.2«  If  (2.10)  is  satisfied  and 

(P(U,w),G(U,W)  )  <  (0,0)  <  (P(u,w),G(u,w) ) 
in  0,  than  (u,w)  <  (u,w)  <  (u.w)  in  0. 

This  result  is  proved  in  (20].  The  following  few  results  show  how  the  proposition  is 
used  to  obtain  bounds  on  w(x,t)  and  fit). 


E  a  2 

Corollary  2.3:  Let  W  -  - -  and  assume  that  c  <  c  •  Furthermore,  assume  that 

c*ey 

|o(t)l  <  a  in  (0.T),  | Ug ( x) I  <  aec(K’x)  and  |wg(x)|  <  Hec**’*>  tor  x  >  then 


|u(x,t)|  <  ae0*1^*  and  |w(x,t)|  <  H*C 


Proof:  This  result  follows  immediately  from  the  proposition  once  we  set  u(x,t)  “ 

_  e(t(t)-x)  ... _ c(f(t)-x)  _  _„.cU(t)-x)  _  „.cU(t)- 

8  »  U(X|tl 


aec(t(t)-x)(  2(x>t)  .  _wec 


and  w(x,t)  -  He 


cU(t)-x) 


Proposition  2.4:  Assume  that  Ug(x)  satisfies  (1.2)  with  xQ  >  9,  and  0  <  e  <  eQ. 
There  exists  a  constant  Mf,  such  that  |w(s(t),t)|  <  em1  for  all  t  e  H*. 
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which 


Proof i  In  [18]  it  is  proved  that  there  exist  poeitive  constante  XQ,  C^,  and  Cj, 
do  not  depend  on  e,  and  a  sequence  { t^} ,  k  ■  0,1,2,...,  such  that  for  each  k. 


(a) 

0  “  ^  <  t,  <  t2  <— 

(b) 

C1  <  Sc+1  "  fck  <  C2 

(c) 

s(tk>  »  Xg  k 

<d) 

s(t)  <  Xq  +  k 

for 

<  Sc 

(e) 

e(t>  >  x0  +  k  -  XQ 

for 

fck  <  <  Sctl 

(f) 

|w(x,t) I  <  a 

for 

x  >  s(t) 

we  first  show  that  |w(s(tk) ,tk> I  <  e«2  for  some  Mj  and  each  k.  Note  that  (2.11) 

implies  that  s(t)  <  (t  -  (^-Cj))  +  s(tx>  S  i^ft)  for  t  <  tyCj.  Fix  k  and  let 

lit)  -  i  (t).  From  the  definition  of  a(t)  it  follows  that  uti(t),t)  <  a  for  t  <  t  . 

k  K 

We  claim  that  u(f(t),t>  >  -a  for  t  <  fc.  This  follows  from  the  following  comparison 

argument  which  shows  that  u(x,t)  >  -a  for  x  >  s(t). 

Let  L  be  the  operator  defined  by  Lu  s  ufc  -  u^  +  u.  If  we  can  show  that 

Lu  >  L(-a)  for  x  >  s(t)  then,  because  u(x,0)  >  -a  for  x  >  s(0)  and  u(s(t),t)  >  -a, 

the  usual  comparison  theorem  for  parabolic  equations  will  imply  that  u(x,t>  >  -a 

for  x  >  s( t) .  However,  L(-a)  -  -a  while  (2. Ilf)  implies  that  Lu  -  -w  >  -a. 

_  1/C2tx0-x) 

We  assume  that  C2  >  /2.  Then,  using  (1.2f),  |u(x,0)|  <  ae  for  x  >  x„. 

ae  2 

Corollary  2.3  now  implies  that  |w(l(t),t)|  <  - - -  <  aC  t  for  t  <  ty_r  In 

(1/Cj)  +6T 

particular,  |w(s(tk>  I  <  aCjC.  Then,  for  t  >  tfc  -  Cj,  the  equation  w^_  -  e(u-yw) 

implies  that 

|w(s(tx),t)|  <  |w(s(tfc),tk-c2)l  +  e  I*  |u(s(tk),n)|dn  . 

Therefore,  letting  t  ■  tk  and  using  the  assumption  that  |u(x,t)|  <0  in  R  *  H  ,  we 
find  that 

|w(s(tk),tk>!  <  aC 2«  +  eOC2  . 

2 

So  if  we  set  «  aC2  +  UC2  we  find  that  lw(s( ^  ),tk )  I  <  tM2  for  each  V. 

We  must  now  estimate  w(s(t),t)  for  t  not  equal  to  one  of  the  ty's.  Choose  k  so 
that  tfc  <  t  <  tk+1.  We  consider  two  cases.  First  assume  that  tk  <  (*0+,,C2’  Then 
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I wlslt ) ,t )  I  <  etJt  <  eutk+1  <  elJ{tk+C2>  *  EOC2<X0+2)  • 

Next  iiiiat  that  tk  >  (Xg+DCj.  Lat  t  1 ( x )  ba  the  inverse  function  of  l^lt). 

t  1  (x >  •  Cjlx-slt^))  +  t^-Cj 

Now,  (2. lie)  implies  that  alt)  >  a(tk>  *  Xg.  Hence,  l  '(sit))  >  t^  -  (X+1)C2- 

|w(s(t),t)|  <  |w(s(t),t  '(alt)))!  *tjt  lulslt) ,n) |dn 

t'  (sit)) 

<  ac2t  ♦  eattk+1-t"1(s(t))J 

<  etac2  +  U(X0*2)c2)  . 

So,  we  let  M1  -  aC2  +  U(Xg+2)C2,  and  the  proof  of  the  proposition  is  complete. 

Propoeitlon  2.5:  There  exists  a  constant  M,  which  does  not  depend  on  e,  such 
Tit)  <  eM  for  all  t. 


Proof;  Fix  tg  >  0,  and  let  C1  and  Cj  be  as  in  the  Proposition  2.4.  Let 

tit)  ”  ~  It— tQ 1  +  s(t  ).  The  proof  of  Proposition  2.4  shows  that  |w(x,t) |  <  M y 
2  -1 

x  >  tit),  0  <  t  <  tg.  Let  t  (x)  be  the  inverse  function  of  tit),  and  assume 

t(0)  <  x  <  tit),  t  '(x)  <  t  <  tQ.  Then, 

I w( x , t ) I  <  |w(x,t  1  ( x>  >  I  +  6  /fc  |u(x,n)|dn 

t~  (x) 

<  6M1  +  eutt-*-1(x>)  <  e[M1  +  uc2(x-s(tg))]  . 


A  similar  computation  shows  that  if  x  <  t(0),  then 

I w( x, t )  |  <  elM,  +  uc2(x-s(t0) )) 

Now, 


|r<tg)l  <  /g°  /“(T)K(s(tg)-e,tg-T)|w(C,T)|d5dT  +  / g°  /^T)  K(s(t0)-5,t0-T)|w{5, 


©  +  © 


That  is. 

Hence, 


that 


for 

that 


T  )  Idtdx 


Note  that 


©  <  eM!  f0°  Cm  KC»<V-C.t0-T)«<*r  <  «",• 

On  the  other  hand, 

t.  stt.) 

<{j)  <  e  /Q  /_  K(s<t0)-5,t0-T>tM1  *  UC2U-a(t0))Jd?dr 

t.  a(t0) 

<  e  J_  KteftgJ-C.tQ-TJlM,  ♦  UC2(C-s(t0))]d5dr 

m  e  I’L,  1  -  oc25]d?dT 

<  CMj 

for  some  constant  M2  which  does  not  depend  on  tQ  or  e.  Setting  «  *  M(  +  Bj  we 
obtain  the  desired  result. 

Combining  (2.6a),  (2.7),  (2.8),  and  Proposition  2.5  we  conclude  that  there  exists  a 

constant  e1  and  a  function  G(e)  with  the  property  that  lim  G(e)  “  0  such  that  if 

£♦0 

0  <  e  <  e  ,  then 

(2.12)  |*(s)(t)  -  a)  <  G(e>  +  2e_t  . 
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Section  3.  the  conetent  e ( 6 ) 


Throughout  the  rest  of  the  paper  we  assume  that  the  constant  5,  which  appears  In  the 
statement  of  Theorem  2,  is  fixed,  later  It  will  be  convenient  to  assume  that 
i  <  inf{l,c*/2}.  Since  we're  really  interested  when  6  is  small,  this  is  no  problem.  In 

this  section  we  explain  how  to  choose  t(4).  We  begin  with  a  few  preliminary  results. 

Fix  o  >  0,  and  T  >  0.  let 

tit)  -  c<t-T)  +  e(T)  for  til*  , 

H  -  {t  <  T  s  s(t)  <  lit)}  , 
d  »  {(x,t)  s  sit)  <  x  <  tit),  t  e  h}  , 

A(x,t)  ”  fpj  K(x-5,t-t)d5dT  for  t  »  T 

Proposition  3. 1 .  Given  a  >  0,  and  x  e  R,  there  exists  0  (-0(a))  such  that  if 
A(x,T)  >  a,  then  Ats(T),T)  >  0.  Furthermore,  0  does  not  depend  on  x,  T,  a,  or  e. 

Proofs  Since  we're  really  only  interested  when  a  is  small,  we  assume  that  a  <  1/3.  let 

M  «  -log  a/3,  ■  -logll  -  a/3),  and  sit)  “  Cjlt-T)  ♦  a(T)  -  X^.  Here  Cj  and  X^  are 

as  in  Proposition  2.4.  That  proposition  implies  that 
13.1)  sit)  <  sit)  <  s(T)  +  2X0  for  t  <  T  . 

Let 

M  -  { (£  ,X )  :  T-M1  <  T  <  T-M2>  sir)  <  C  <  s(T)  210>  , 

D1  *  {  (C.T)  e  D  :  T  <  T-Mt>  , 

02  -  {(5.T)  e  D  I  T-M1  <  x  <  t>m2)  , 

Oj  ■  ((C,T)  «  D  I  T-»2  <  X  <  T)  . 

Then,  for  x  e  R, 

Alx.T)  -  /  J  Klx-5,T-T)dfdr  +  j  j  X(x-C,T-x)dCdT 
1  2 

♦  /D  /  Klx-5,T-X)d5dX 

T*M 

<  /_  K(x-5,T-T)dCdT  *  JD  J  xix-e,T»x)d5dT 
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If  A(x,T)  >  a,  than 


♦  J*  K(x-?.T-T)dCdT 


<  +  /0  /  X(x-C,T-T>dCdT  . 


I  j  K(x-e,T-T)dCdT  >  |  . 

2 


Note  that  if  | x I  ia  sufficiently  large,  then  for  (5,r)  e  M, 

K(s(T)-5,T-r)  >  K(x-C.T-t)  . 

Therefore. 

r  "  inf  over  (5.x)  e  M,  x  e  * 

K( s(T)-5,T-t ) 

is  positive.  Note  that  r  does  not  depend  on  x,  T,  a,  or  e.  Now  (3.1)  iaiplies  that 
c  M.  Hence. 

A(s(T).T)  >  f  /  K(s(T)-£,T-t )d£dx 


>  r  /  }  K(x-£,T-T)d£dT 

2 


”  3  °  • 


Corollary  3.2.  Given  a  >  0,  let  6  be  *s  in  the  proposition.  If  A(s(T),T)  <  6,  then 
T-t 

A(x,t)  <  ae  for  all  x  e  R,  t  >  T. 

Proofs  Proposition  3.1  and  the  assumption  that  A(s(T),T)  <  8  implies  that  A(x.T)  <  a 
for  all  x  e  R.  Note  that  A(x,t)  is  the  solution  of  the  inhomogeneous  equation 

♦t  “  *xx  '  *  +  *D  ^  *  *  R+ 

<Mx,0)  «  0  in  R  . 

Here,  X0  is  the  indicator  function  of  the  set  D.  "Restarting"  at  t  -  T  we  find  that 

A( x.t)  is  the  solution  of  the  homogeneous  equation 

♦  ■  ♦  -  ♦  in  R  *  (T,«) 

(3.2)  *  XX 

4>(x,0)  ■  A(x,T)  in  R  . 
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The  result  now  follows  froai  a  staple  application  of  the  standard  coeparison  theoraa  for 
parabolic  aquations. 

Ha  now  describe ,  without  Motivation,  how  to  choose  c (4 ) .  Let 


(3.3) 


I  »  { ( x , c )  i  0  <  x  «  1,  c*/2  <  c  «  2c*}  , 

M.  »  inf  12^  Jf<X-CT,-T)dT  , 

(x.c)ei 


8  ■  8(a) 


Let  h(6)  and  G(e)  be  as  in  (2.9)  and  (2.12),  respectively.  It  is  assuaed  that 
e(S)  is  chosen  so  that  if  0  <  e  <  c(8)  and  |h(6)-a|  <  2G(e),  then 


(3.4)  |8-8*|  <  inf (8/2,  B(a)/24>  . 

l-2a 

we  also  aesuaie  that  G(e)  <  ^ — ,  and  c(8)  <  e  . 
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Section  4.  Proof  of  Theorem  2 


It  Is  assumed  throughout  this  Motion  that  u0(x)  aatlaflaa  (1.2)  with  xQ  >  S,  and 
0  <  e  <  e(6).  Na  bagln  by  obtaining  a  lower  bound  on  the  rate  at  which  a(t)  propagatea. 

Lemma  4. 1 1  Let  c1  •  sup{c  <  e(t)  >  ct  +  X  for  some  K  and  all  t>.  Then 

ct  >  9*  -  8/2. 


Proof «  Recall 

that 

e(8)  was  chosen  so  that  if 

0  <  t  <  e(6) 

and 

h(8)  -a* 

6(e) »  than 

| 9-9*|  <  4/2. 

Furthermore,  G(e)  <  •  Choose 

V  so  that 

1-2a  . 

~ — .  For 

n  >  N 

choose  c  eo 
n 

that 

h(c  )  -  a  *  G(e)  ♦  Let 

n  2n 

0* 

N 

1 

O 

<0 

and 

X  •  T  inf  a(t) . 

<Kt<t 

For  t  e  (O.t^l  let  a(t)  -  X,  and  for  t  >  t^,  let  a(t)  be  the  continuous,  piecewiee 

linear  function  defined  by  a'(t)  -  c  for  t  e  (t  ,t  .,).  He  show  that  a(t)  <  s(t) 

n  n  i 

in  R+ .  Since  a'(t)  >  9*  -  6  for  t  sufficiently  large,  this  will  complete  the  proof. 


It  ie  certainly  true  that  alt)  <  s(t)  tor  t  e  (0,tn).  Suppose  that  there  exists 
T  >  t  such  that  s(T)  -  a(T)  and  a(t)  <  s(t)  for  t  <  T.  assume  that 
T  e  Itnftn+i*"  Hien,  (2.12)  implies  that 

9(s) (T)  <  a  *  G(e)  +  2e_T 
<  a  *  Glc)  *  ^  . 

On  the  other  hand,  if  we  let  *(t)  -  cn(t-T)  *  s(T),  then  e(t)  >  o(t)  >  i(t>  for 
t  <  T.  Hence, 

9(s)(T)  >  9 (o) (T)  >  9(t) (T)  •  h(c  )  -  a  *  G(E)  t  ~ 

n  2n 

and  we  have  a  contradiction. 

The  proof  of  the  following  lemma  is  quite  stellar  to  the  one  just  given. 

Lemma  4. 2.  Let  cQ  “  inf{c  :  s(t)  <  ct  ♦  K  for  some  X  and  all  t) .  Then 
cQ  <  9*  ♦  8/2. 

Before  preceeding  It  is  neceaMry  to  introduce  some  notation.  Choose  °1>  t>2  *°  that 

Mo^)  ■  a  -  2G(c)  and  h(Oj)  “at  2G(c).  Since  e  <  e(S)  it  follows  that  <  6. 

Let  K0  -  lim  eup(e(t)-c0t) ,  and  igtt)  *  c0t  ♦  Xg.  Choose  {O  so  that 
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e(t)  <  1  ft)  +  1/n  for  t  >  t  ,  and  a(t  )  >  t.(t  )  ■*  1/n.  Choose  {8  }  so  that 
v  n  non  n 

h(8  )  ■  8(a)(t  ),  and  let  X  (t)  “  8  (t-t  )  ♦  s(t  ).  For  tha  time  bain?  fix  n.  Assume 
n  n  n  n  n  n 

-t 

that  2a  "  <  G(e>.  Let  T  -  t  ,  i,(t)  -  o,(t-T>  ♦  s(T),  i.(t)  -  o„(t-T>  ♦  s(T), 

nil  22 

i,(t)  -  X  (t),  and  c,  -  8  . 

J  n  j  n 

For  j  ■  0,1,2,  and  3,  let 

-  (t<Ti#(t)  <  *  (t)} 

-  {t<T»t^(t)  <  s(t)} 

Aj  ’  ^HJ  fax) 

Bj  -  Jj  K(a<T)-C,T-T)dCdT  . 

To  emphasize  their  dependence  on  n,  we  aomatlmes  write  Hj(n),  J^(n),  A^(n),  and 
B^(n).  For  j  «  0  and  3,  (2.12)  Implies  that,  MOj)  <  h(c^)  <  h(o2>,  and,  therefore, 
°2  <  cj  <  V  Fraa  our  choice  of  tn  we  conclude  that  tfl (t)  <  lf(t)  *  2/n  for  t  >  T. 
Furthermore,  since  l^T)  “  lj(T)  «  *2<T)  -  s(T),  it  follows  that  <1  (t)  <  lj(t)  <  t2(t> 
for  t  <  T. 
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Similarly 


<  3(o2-o,) 


0  °2T 

(ii)  <  /!,  !a %  r(-e.-T>dCdr 


'1 


Thar* fora, 


»2(n)  <  »0<n)  ♦  f>io2-cy) 


8(a) 

W*  assus**  throughout  that  n  la  choaan  ao  that  B^  (n)  <  ~~ 1  whara  8(a)  was  dafinad  in 
(3.3).  Prosi  (3.4)  it  follows  that  0^-0 ^  Tharafora,  wa  conclud*  that  for  n 

sufficiently  large, 

(4.1) 

Kara  we  give  a  brief  outline  of  how  the  proof  of  Theoran  2  is  completed.  We  construct 


h2<n)  <  0(a)  . 


a  sequence  of  positive  constants,  { 0  ) ,  k  ■  0,1,2,..,  such  that  [  0  <  0.  Furthermore , 

*  k-0  * 

letting  s(t)  equal  to  the  piecewise  continuous  function  dafinad  by 


| 

[  s(t) 

for  i 

(4.2) 

s(t)  -  ) 

1 

1 

k 

t,(t)  - 

l  *, 

for  1 

k  2 

j— 0  1 

for  k 

-  0,1,2,...  ,  we  show  that. 

for  n 

large 

This 


completes  the  proof  of  Thaoraa  2  for  the  following  reason.  Bacall  that 
a(t)  <  1^(0  ♦  2/n  for  t  >  tR.  Wane*,  if  n  is  sufficiently  large,  than 

*2(t>  -  0  <  s(t)  <  »,<t)  ♦  0 


for  t  >  t 


However, 


t*(t)  -  t^(t>  -  o,  -  o2  <  0  . 

In  what  follows  wa  fin  n,  let  T  -  t  .  and  T.  -  T  ♦  k. 

n  k 

The  0fc  are  defined  inductively.  Aaataaa  that  0  ^, . . .  ,4^^  have  bean  choaan  so  that 

for  t  <  T.  ,  s(t)  >  i(t)  whara  s(t)  is  dafinad  by  (4.2).  We  sliow  how  to  define  0  . 

*  k 

Hera,  k  stay  be  equal  to  x*ro.  Not*  that  0^  oust  b*  choaan  in  such  a  way  that 
*(t)  <  s(t)  for  t  e  (Tk,Tk+.j).  the  definition  of  0^  it  will  be  clear  that 

I  0  <  0  for  n  sufficiently  large. 

k-0 
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teiiati  for  the  acMnt,  that  6^  has  boon  choeen,  and  thara  exists  tQ  e  ) 

auch  that  stt0)  “  s(t0>,  and  s(t)  <  a(t)  for  t  e  (Tk>tQ).  n>a  following  calculation 
daannatrataa  that  if  6 ^  la  too  larga,  and  n  ia  auitabla  choaan ,  than 

•(x)(t0)  >  h(o2)  . 

Since  x(t)  <  a(t)  for  t  <  tfl  thia  iapliea  that 

*(a)(tQ)  >  *(«)(t0)  >  h (Cj)  -  a  ♦  2G(e) 
which  contradicts  (2.12).  In  what  follows  we  a  at 

k 

z.  <t)  »  i,(t)  ■  J  . 

*  j»0  3 
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A(s(T),T)  -  Aj(n)  . 

Ranee  (4.1)  implies  that  if  n  la  sufficiently  large,  than  A(s(T),T)  <  0(a),  and  wa 
conclude  from  Corollary  3.2,  (4.S)  and  (4.6)  that 

**0  -* 

(4.7)  fill  >  -aa  >  -aa  . 

Combining  (4.3),  (4.4),  and  (4.7)  wa  find  that 

4(a)(tg)  >  h(«2)  +  4,0,  -  aa-*  . 

So  if  we  sat  Sk  «  jj-  a  *,  wa  obtain  the  daairad  result  that  4(s)(tQ)  >  hto^).  it 

40 

remains  to  verify  that  £  4  <  4.  However,  this  follows  from  oar  choice  of  a  given  in 

« _ A  * 


(3.3) 
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